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ABSTRACT 
equat ions  a r e  obtained i n  an  e x p l i c i t l y  i n v a r i a n t  
not  involve the matrix elements of degenerate  
i r r e d u c i b l e  r ep resen ta t ions  of t he  group, bu t  only t h e  group 
cha rac t e r s .  I w 
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I. INTRODUCTION 
One of t h e  most fundamental and p r a c t i c a l  problems i n  t h e  
quantum mechanics of atoms, molecules and c r y s t a l s  i s  t o  so lve  
secu la r  equat ions of t he  form 
(H - ES) c = 0 
*r - -  
where H and S are t h e  matr ix  r e p r e s e n t a t i v e s  of t h e  Hamiltonian 
o(c and u n i t y  i n  some b a s i s  s e t  0 , and c i s  a column vector  
of c o e f f i c i e n t s .  It i s  we l l  known t h a t  i f  t h e  system of i n t e r e s t  
possesses  symmetry, a knowledge of t he  i r r e d u c i b l e  r e p r e s e n t a t i o n s  
of t h e  symmetry group can be used t o  f a c t o r i s e  equat ion (1) i n t o  
a set of s ecu la r  equat ions of lower order.  
L. L. 
c. & 
Professor S l a t e r  has been c l o s e l y  a s soc ia t ed  with t h i s  
problem, p a r t i c u l a r l y  i n  t h e  f i e l d  of atoms. One of h i s  major 
c o n t r i b u t i o n s  was t h e  theory of t h e  c e n t r a l - f i e l d  approximation 
f o r  atoms (S la t e r ,  1929), which leads t o  s e c u l a r  equat ions of 
type (1). 
how t o  f a c t o r i s e  and solve the s e c u l a r  equat ions without t h e  
use of group theory.  S l a t e r ' s  method works w e l l  i n  t h e  cases  i n  
which t h e  i r r e d u c i b l e  r ep resen ta t ions  occur no more than once i n  
t h e  b a s i s  and the  degeneracies are low. However, when t h i s  i s  no 
longer t rue ,  he acknowledges t h e  value of group theory techniques 
( S l a t e r  , 1960). 
The s t r i k i n g  feacure of his i x t h o d  was t h a t  he showed 
1 
2 
The group theory methods described i n  the  l i t e r a t u r e  have, 
I n  the general  case i n  which however, an unnecessary weakness. 
degenerate i r r e d u c i b l e  r e p r e s e n t a t i o n s  occur more than once, they 
r equ i r e  a c t u a l  matrix r e a l i z a t i o n s  of t he  r e p r e s e n t a t i o n s .  Y e t  
t h e  f ac to r i sed  secu la r  equat ions a r e  independent of any p a r t i c u l a r  
matrices,  and depend only on t h e  i n v a r i a n t  c h a r a c t e r i s t i c s ,  a l l  
of which a r e  contained i n  t h e  cha rac t e r  t a b l e  of t h e  group. 
The ob jec t  of t h i s  paper i s  t o  de r ive  the  e x p l i c i t l y  i n v a r i a n t  
forms of the f a c t o r  equat ions.  It gives  me  g r e a t  p l easu re  t o  
dedicate  i t  t o  Professor  S l a t e r ,  who has contr ibuted s o  much t o  
t h e  problem of f a c t o r i s i n g  secu la r  equat ions.  
11. DESCRIPTION OF PROBLEM 
Let t he  b a s i s  c o n s i s t  of n l i n e a r l y  independent func t ions  
0, , 0, , ... 0 . The ma t r i ces  N H and N S occurr ing i n  Eq. (1 )  n 
a r e  defined by 
where the row vector  2 = (0, , 0, , ... , 8,). L e t  be t h e  
symmetry group of order g , and wi th  h c l a s s e s ,  a s s o c i a t e d  
wi th  the system of i n t e r e s t .  By d e f i n i t i o n  t h e  Hamiltonian 
commutes with a l l  the  symmetry o p e r a t o r s  R belonging t o  t h e  
3 
It w i l l  be assumed t h a t  t he  space of t he  funct ions 8 i s  closed 
under the  operat ions of t h e  group, so  t h a t  8 forms t h e  b a s i s  
f o r  a matrix r e p r e s e n t a t i o n  r , i n  gene ra l  reducible ,  of . 
The ma t r i ces  p(R) are defined i n  t h e  usual  way by 
h) 
The completely reduced form of may be w r i t t e n  formally a s  
r (d) 
where i s  t h e  (X i r r e d u c i b l e  r e p r e s e n t a t i o n  of 
of dimension ld . 
The e s s e n t i a l  s t e p  i n  solving Eq. (1) i s  t o  f ind the  n r o o t s  
(eigenva lues  ) of the d e  terminanta 1 equat ion 
Equation (1) may then be salved f o r  t he  corresponding e igenvec to r s  c . 
The s t r u c t u r e  of r 
4 
implies t h a t  t h e r e  are  wd d i s t i n c t  e igenvalues  
Ei (4 (i = 1,2,. .., m M  ), each kd-fold degenerate,  belonging t o  t h e  
r e p r e s e n t a t i o n  red) ; t he  t o t a l  number of eigenvalues i s  
n = Mc(&. 
It follows t h a t  a t ransformation matr ix  N U e x i s t s ,  depending only 
on t h e  p r o p e r t i e s  of 
t o  a block diagonal  form' which can be f a c t o r i s e d  i n  the following 
, which w i l l  reduce the  determinant of (6) 
manner : 
where the matr ices  HA and Sd a r e  o f  order max mH . The 
r o o t s  of Eq. (6)  are unal tered by the  t ransformation,  and the  mA 
eigenvalues E@) i a r e  t h e r e f o r e  given by t h e  f a c t o r  determinantal  
A cr 
equation 
ck ct r ,  - E&) N = 0 . 
n- 
The aim of t h e  p re sen t  paper i s  t o  c o n s t r u c t  i r r e d u c i b l e  
f a c t o r  equations (9)  involving only the  c h a r a c t e r s  l('o(, of the  
i r r e d u c i b l e  r e p r e s e n t a t i o n s  rcD0 of . It i s  n o t  f e a s i b l e  i n  
general  t o  determine a t ransformation ma t r ix  N U 
job d i r e c t l y .  
of p ro jec t ing  symmetry adapted func t ions  $'"I ou t  of t h e  b a s i s  8 . 
which w i l l  do t h e  
The f i r s t  s t e p  i s  t o  use  t h e  w e l l  known procedure 
4 
4 
I 
~ 
The number of s e t s  of such func t ions  requi red  i s  equal  t o  the  
5 
number of generators ,  p , i n  the bas i s .  
b a s i s  5 , matr ices  p' and S 
rank md a r e  cons t ruc t ed ;  these involve the  i r r e d u c i b l e  mat r ices  
p". 
minors of order m d  of ct Hcd' - ES@' N
i f ivar ian t  form of Eq. (9).  
From the  new (redundant) 
@/ of order plot x pld and 
rv 
The f i n a l  s t e p  i s  t o  sum over the  appropr i a t e  p r i n c i p a l  
N 
, which y i e l d s  the  e x p l i c i t l y  
111. FACTORISATION WITH SIMPLE BASIS 
Consider f i r s t  t he  s implest  case i n  which t h e  space of t he  
. b a s i s  $ can be generated by the  a c t i o n  of t he  g symmetry operatorg 
& of t h e  group on one member, say $,, This  i s  only poss ib l e  i f  
n <  g , or  more p r e c i s e l y  m u  4 & .  A new b a s i s ,  
g'53 of g symmetry func t ions  ma then be 
9 N Y 4"' , g b J ,  .. . N 
3 
defined byL 
where the  sum i s  over a l l  ements R of . The s i g n i f i c a n c e  
of the @ ' s  
r ep resen ta t ions  (Wigner, 1959), which leads  t o  the  r e s u l t  
follows from the or thogonal i ty  theorem fo r  i r r e d u c i b l e  
where 9 is  any operator  which commutes wi th  the  qper.ators of , 
and 
C 4  
Let  the members 
f i r s t  by the  r e p r e s e n t a t i o n  s u p e r s c r i p t  o( 
@,.k of the  new b a s i s  be ordered lex icographica l ly ,  
, then by the  row 
s u f f i x  i , and f i n a l l y  by the  column s u f f i x  k . Then i t  follows 
from Eq. (11) t h a t  t he  new g x g matrix r e p r e s e n t a t i v e  of 
8 = od - E , which commutes wi th  
t h e  kind i l l u s t r a t e d  i n  Figure 1. The fid blocks D@’ = H c d )  - ES 
of order kdxg4 , belonging t o  r e p r e s e n t a t i o n  r(d’ , a r e  i d e n t i c a l ,  
s i n c e  the  express ion  on the  r i g h t  hand s i d e  of Eq. (l i)  i s  
independent of  i for i = j . The block sub-matrix D‘Ic’ may 
be convenient ly  def ined by summing Eq. ( 1 l ) ’ o v e r  i and j t o  
give  
, w i l l  have a block form of 
(4 
r\, * .cI 
& 
3 
, .  , I  
where 
7 
I 
The matr ix  Dc”’ of order & x lo( i s  of rank m H  . This  
R 
.kd 
& 
follows from the  f a c t  t h a t  the 
space of dimension ~ ~ 9 ,  
space of t he  b a s i s  8 . 
of &w are orthogonal, only m H  
l i n e a r l y  independent. Nevertheless, t h e  m o( r o o t s  Ei ‘OC) c ou Id 
be obtained from t h e  determinantal  equat ion 
funct ions GW’ span a sub- 
cv 
belonging t o  red) , of t h e  n-dimensional 
Since funct ions belonging t o  d i f f e r e n t  rows 
funct ions i n  any row are 
N 
ry 
This  has two disadvantages,  however. I n  the  f i r s t  place,  i f  
m 
Secondly, t o  c o n s t r u c t  Dcd’ i t  i s  necessary t o  have p a r t i c u l a r  
r e a l i z a t i o n s  of t he  r(kl(R). These disadvantages are removed 
i n  the  next  s e c t i o n .  
< Qd Eq. (15) w i l l  have id - m4( i r r e l e v a n t  zero r o o t s .  
h 
N 
. ’  
I V .  INVARIANT FACTOR EQUATIONS 
Poss ib l e  forms f o r  t h e  i r r e d u c i b l e  f a c t o r  equat ions (9)  a r e  
obtained by equat ing t o  zero any non-vanishing minor of 
order  mo(- . However, such forms con ta in  the  elements of t h e  
i r r e d u c i b l e  matrices r (R) e x p l i c i t l y .  A form involving only 
the group c h a r a c t e r s  can be obtained by equat ing t o  ze ro  t h e  sum 
D‘d) of - 
Cd) 
$ .  /u 
i 
. ,  
(4 of a l l  t h e  p r i n c i p a l  minors of cc D") of order  mo( . Since 'k 
i s  hermit ian,  a t  l e a s t  one of t he  p r i n c i p a l  minors must be non- 
vanishing (md # 0). 
be propor t iona l  t o  each o ther ,  s ince  they a l l  y i e l d  the  same r o o t s .  
Furthermore, the  non-vanishing minors must 
For convenience i n  de r iv ing  the  e x p l i c i t l y  i n v a r i a n t  form, 
t h e  r ep resen ta t ion  number o( 
The matr ix  p' given by Eq. (13)  w i l l  t h e r e f o r e  be w r i t t e n ,  
ignoring the  f ac to r  g , 
w i l l  be dropped everywhere temporar i ly ,  
-1 
' A t y p i c a l  p r i n c i p a l  minor of -4 D of order  m i s  
By the  r u l e  fo r  a d d i t i o n  of determinants  t h i s  may be w r i t t e n  
9 
The sum of t h e  p r i n c i p a l  minors i s  
The importance of t he  c o e f f i c i e n t s  X def ined above l ies i n  
t h e  f a c t  t h a t  they can be expressed d i r e c t l y  i n  terms of t he  
c h a r a c t e r s  r( (R) ,  $(RQ), e t c . ,  of t he  I t h  - i r r e d u c i b l e  
r ep resen ta t ion .  
by comparing a t y p i c a l  term from the  determinant of (20) wi th  
t h e  formulae f o r  t he  cha rac t e r s :  
That t h i s  i s  poss ib l e  can be seen immediately 
. 
10 
Every system i n  the comDound cha rac t e r  
corresponds t o  a permutation belonging t o  t h e  symmetric group of 
degree m . Therefore 
Xm as i t  may be called,  
where the summation is  over a l l  rn! permutations, and the  + or - .- 
s i g n  i s  taken according t o  whether P is  even or odd. The 
cortespondence between t h e  permutations P and t h e  ind iv idua l  terms 
of equat ion (21)  i s  i l l u s t r a t e d  by the following example: i f  m = 5 
and Ps( 1) (3 )  (254), then 
the  form of 7, i n  the general  ca se  i s  c l e a r  from t h i s  example. 
The f i r s t  t h r e e  compound c h a r a c t e r s  are  
. 
11 
( a )  Xm(R,Q ,..., K) i s  symmetric i n  R, Q, ... , K . 
( b )  zXm(R,Q, .  . ., K) = 0 , except f o r  t he  u n i t  r ep resen ta t ion .  
R 
(c) X p  (R,R,. . ., R )  = det{c(R)\ = f. 1 , s i n c e  fl ' s  u n i t a r y .  * 
The e x p l i c i t l y  i n v a r i a n t  form of the  i r r e d u c i b l e  f a c t o r  equat ions 
DR can be obtained by equat ing (19) t o  zero. By s u b s t i t u t i n g  fo r  
from Eq. (14), int roducing R1,R2, ..., Rm as the  element summation' 
symbols and r e s t o r i n g  the  r e p r e s e n t a t i o n  number o( , Eq. (19) can 
be w r i t t e n  i n  t h e  polynomial form: 
For t h e  cases  m K  = 1, 2 and 3, Eq. (23) f o r  t h e  E:' has the  form 
V. GENERAL BASIS 
Consider now t h e  general  ca se  i n  which t h e  b a s i s  0 possesses  
p generators,  say 0, , g2, ..., 8 . That is ,  the  gp func t ions  
RB1 , Rg2, ..., Rg,, where R ranges over t he  group , span t h e  
n-dimensional space of t h e  b a s i s .  The funct ions produced from the 
P 
generators  may be l i n e a r l y  dependent (n 4 gp). Let the sub-basis  
@, c o n s i s t i n g  of t h e  g funct ions R 0  (Rc $), be of r ank  /uhl, 
so t h a t  
P 
P 
n = z p b .  
fa '  
The '0 form the b a s i s  f o r  a r e p r e s e n t a t i o n  'f of t h e  group of 
order  pw , i n  general  r educ ib l e .  L e t  
R 
Then i t  follows from Eq. (5 ) t h a t  
To f a c t o r i s e  the  s e c u l a r  equat ion (1) i n  the  gene ra l  case it 
g symmetry func t ions  p$ = t s  necessary t o  introduce a set of 
f o r  each sub-basis  I ^ @  
13 
defined by 
cdl 
Let  t h e  new b a s i s  of gp funct ions & be ordered l ex icograph ica l ly  
by o ( ,  p ,  i , k . The ma t r ix  r e p r e s e n t a t i v e  of t he  opera tor  
8 = $% - E w i l l  c o n s i s t  of 1, diagonal  blocks hr DcpL) fo r  each 
r e p r e s e n t a t i o n  r@', a s  i n  the  simple case  of s e c t i o n  111. 
t h e  D a r e  now of order  
However, 
p l k  x p l d  , a nd c o n s i s t s  of sub-matrices Gc) 
h 
N 
The sub-matrices may be defined, by analogy wi th  Eq. (L3), by 
where 
! 
By introducing new p x p matr ices  DR , whose elements are t h e  
Y 
(d  1 f 9 D R  , t h e  matr ix  D may be defined s u c c i n c t l y  by - 
where X i n d i c a t e s  a d i r e c t  product. 
The r equ i r ed  form of the  i r r e d u c i b l e  f a c t o r  equat ions i s  obtained 
(4 
by taking t h e  sum of c e r t a i n  of t h e  p r i n c i p a l  minors of 
nt D of .  order  
m q  . These minors must con ta in  phd rows and columns from t h e  
(4 1 eub-matrix ppblJ' rv of rank phd , a s  any non-vanishing minor of D 
of order 
Let M . ..k ('m, m, . . ., 'rn) be a p r i n c i p a l  minor of I)+ of 
order  rn = m + m + ... +pm which s a t i s f i e s  t he  above condi t ion.  
By t he  r u l e  f o r  t h e  a d d i t i o n  of determinants,  i t  can be w r i t t e n  
md mus t  c o n s i s t  of l i n e a r l y  independent rows and columns. 
2 I d )  
i j 
I 2 
'5: ... 1 
R Q  K 
15 
where t h e  r e p r e s e n t a t i o n  supe r sc r ip t  o( has been dropped from r . 
The determinant i n  Eq. ( 3 2 )  d i f f e r s  from t h a t  i n  the corresponding 
Eq. (18) of t he  previous sect ion,  i n  t h a t  it i s  not  p o s s i b l e  t o  
f a c t o r  t he  
9 3 'S out of i t .  An e x p l i c i t l y  i n v a r i a n t  form of the  
R 
i r r e d u c i b l e  f a c t o r  equat ion i s  s t i l l  obtained by taking t h e  sum 
over a l l  such minors, but  i n  t h i s  gene ra l  ease must be l e f t  i n  
4 t h e  form 
It can be seen, however, t h a t  the c o e f f i c i e n t  of any product of 
3 
t h e p  >R'S w i l l  be d i r e c t l y  expres s ib l e  i n  terms of t he  simple 
c h a r a c t e r s  x["' ; t h e  compound c h a r a c t e r s  x, do no t  appear 
i n  general .  The i n v a r i a n t  form of t h e  f a c t o r  equat ions can be 
i l l u s t r a t e d  b e s t  by means of simple examples i n  which t h e  b a s i s  
possesses  p = 2 generators ,  0, and 0, a 
(dl  
8 
m = 1 a The general  p r i n c i p a l  2 ( a )  Consider the case 'm = 
iLj 
minor of D of order  2 i s  
?I 
* 
16 
t ak ing  t h e  sum of the p r i n c i p a l  minors, Eq. (33)  i s  
2 ( b )  Consider the  case ‘m = 1 , m = 2 . The p r i n c i p a l  minor 
i s  
Expanding the  determinant and t ak ing  the  sum over a l l  i, j, k 
t h i s  becomes 
These equations may be put i n  the form of polynomials i n  E by 
s u b s t i t u t i n g  f o r  p’pR from Eq. (30). 
. 
J 
17 
VI. EPILOGUE 
It would seem i n c r e d i b l e  i f  t he  mathematical problem solved 
i n  t h i s  paper had not  been tackled and solved a t  least  f i f t y  
yea r s  ago by the  mathematicians of group r e p r e s e n t a t i o n  theory.  
However, a reasonably d i l i g e n t  search of the l i t e r a t u r e ,  and much 
quest ioning of mathematicians, has not  y e t  brought such a d i scuss ion  
t o  l i g h t .  Rather than engage i n  f u r t h e r  h i s t o r i c a l  research,  i t  
seemed more s e n s i b l e  t o  publish the  a u t h o r ' s  treatment of t h e  
problem w i t h i n  t h e  context  of quantum mechanics. 
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'FOOTNOTES 
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1. Note t h a t  U i s  not the  same a s  the  ma t r ix  which reduces 
simultaneously t o  t h e  block form ( 5 ) .  
N 
t he  mat r ices  of r 
2. The usua l  d e f i n i t i o n  involves the  complex imaginary of t h e '  
matr ix  element 5 , which is  a nuisance i n  the  present  work. 
3. The n o t a t i o n  i n  Eq. (13) r equ i r e s  t h a t  t he  a d j o i n t  be taken 
of a mat r ix  i n  t h e  lef t  half  of a bracket  expression.  This  
d e f i n i t i o n  of D@) i s  1, times t h a t  occur r ing  i n  Figure 1. 
Eq. (33) i s  a c t u a l l y  ('a! 2m! . . . p m ! )  times the  sum of the  
appropr i a t e  p r i n c i p a l  minors of D . 
h 
4. 
w 
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. 
Figure  1 
e' 
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LEGEND FOR FIGURE 1 
Figure 1. Block form of 2 = H - ES i n  t he  symmetry b a s i s  $ 
n r r  
for a group of order 15 w i t h  4 i r r e d u c i b l e  
r ep resen ta t ions  with dimensions 1,1,2 and 3. Non-zero 
ma t r ix  elements are  shaded. 
, 
